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Abstract
In a recent paper, Post and Winternitz studied the properties of two-dimensional
Euclidean potentials that are linear in one of the two Cartesian variables. In partic-
ular, they proved the existence of a potential endowed with an integral of third-order
and an integral of fourth-order. In this paper we show that these results can be
obtained in a more simple and direct way by noting that this potential is directly
related with the Holt potential. It is proved that the existence of a potential with
higher order superintegrability is a direct consequence of the integrability of the
family of Holt type potentials.
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1 Introduction
It is well known [1] that there are two different classes of integrable systems : (i) separable and
(ii) nonseparable.
(i) Systems that admit Hamilton-Jacobi (Schro¨dinger) separability in a particular coordinate
system are integrable with constants of the motion (the first one is the Hamiltonian itself)
which are quadratic in the momenta (if the constant is determined by an exact Noether
symmetry then it is linear). For example, in the Euclidean plane, if the potential is
separable in Cartesian coordinates then the Hamiltonian is integrable with the two one-
dimensional energies as constants of the motion. Two other particular cases are
– Polar separability: If the potential can be written as V = A(r) + B(φ)/r2 then the
system is integrable with the following second constant of the motion
K
(2)
2 = p
2
φ + 2B(φ) .
– Parabolic separability: If the potential can be written as V = (A(α)+B(β))/(α2+β2)
then the Hamiltonian is integrable with a second constant of the motion of Runge-
Lenz type
K
(2)
2 = p
2
α + 2A(α) − 2Hα
2 =
α2p2β − β
2p2α
α2 + β2
+ 2
α2B(β)− β2A(α)
α2 + β2
.
(ii) Nonseparable systems. They are integrable but with higher-order constants of motion
(higher-order means higher order than two in the momenta). Very few systems of this
class are known. We mention the Holt [2] and the Fokas-Lagerstrom [3] potentials that
are both endowed with a cubic integral (see [4]–[16] for some other related papers).
If we consider not just integrability but superintegrability then we have three possibilities:
(1) Superseparable, (2) Separable, and (3) Nonseparable. Most known superintegrable systems
are of type (1); concerning type (2), that are endowed with a mix of both quadratic and higher
order constants, we mention two recently studied systems: the TTW system (related to the
harmonic oscillator) [17]-[20] and the PW system (related to the Kepler problem) [21]-[22]. The
study of type (3) systems, with all the constants of higher order (up to the Hamiltonian), began
very recently and, in fact, the discovery of one of these systems must be considered as a very
important result.
In a recent paper, Post and Winternitz [23], making use of some previous results obtained
in [11], studied the existence, in the real Euclidean plane, of potentials linear in one of the
two Cartesian variables that admit third-order or fourth-order integrals (the study was made
for quantum systems but the results are also valid for the corresponding classical systems by
removing some terms proportional to ~2). They derive, using some rather complex and elaborate
mathematics (a direct calculus involves a great number of coupled equations), a nonseparable
quantum superintegrable system, endowed with an integral of third-order and an integral of
2
fourth-order. This result is certainly important and suggests the convenience of studying the
properties of this particular potential (a study of the Lie symmetries was recently presented in
[24]). The main purpose of this paper is to show that this superintegrable potential (as well
as the two integrals) can be obtained in a direct and rather simpler fashion, making use of the
properties of the Holt potential.
The paper is organized as follows. In section 2 we recall the main properties of the Holt
potentials and then in section 3 we prove the superintegrabilty and we obtain the explicit
expressions of the two integrals. Finally in section 4 we make some comments and we present
some open questions.
2 Potentials of Holt
In 1982 Holt studied [2] the existence of integrable Hamiltonians in two degrees of freedom using
a generalization of the Whittaker method as an approach (the original Whittaker method was
mainly related to quadratic integrals) and proved that following potential
Vh1 =
4x2 + 3y2
y2/3
(1)
was endowed with the following cubic integral
J
(3)
h1 = 2p
3
x + 3pxp
2
y + 12
(2x2 − 3y2
y2/3
px + 6xy
1/3py
)
.
This means that Vh1 belongs to the family (ii) of integrable but not separable potentials.
It has been proved the existence, in addition to the original potential Vh1, of two other inte-
grable potentials of Holt type (see e.g. [8] or [16]). They are :
(h2) The following potential
Vh2 =
2x2 + 9y2
y2/3
, (2)
which is nonseparable, and is also integrable with a constant of the motion of fourth order
in the momenta
J
(4)
h2 = p
4
x + 2p
2
xp
2
y + 8
(
x2y−2/3p2x + 6xy
1/3pxpy + 36x
2y2/3
)
.
(h3) The following potential
Vh3 =
x2 + 12y2
y2/3
(3)
which is also nonseparable but integrable with a constant of the motion of sixth order in
the momenta given by
J
(6)
h3 = p
6
x + 3p
4
xp
2
y + 6
(
x2/y2/3 + 3y4/3
)
p4x + 72xy
1/3p3xpy + 648x
2y2/3p2x + 648x
4 .
3
3 Superintegrability of a Holt related potential
An important property is that potential Vh1, which has been introduced as a single potential,
admits a generalization. In fact, it can considered as the first term in a more general potential
given by the following linear combination
Vh1(k) = k1
(4x2 + 3y2
y2/3
)
+ k2
x
y2/3
+
k3
y2/3
(4)
where ki, i = 1, 2, 3, are arbitrary constants. In this more general case the third-order integral
is given by
J
(3)
h1 (k) = 2p
3
x + 3pxp
2
y + 12k1
(2x2 − 3y2
y2/3
px + 6xy
1/3py
)
+ k2
( 6x
y2/3
px + 9 y
1/3py
)
+
6 k3
y2/3
px .
The same is true for the second Holt potential. That is, the potential Vh2 can also be considered
as the first term of a more general potential given by the following linear combination
Vh2(k) = k1
(2x2 + 9y2
y2/3
)
+ k2
x
y2/3
+
k3
y2/3
(5)
where ki, i = 1, 2, 3, are arbitrary constants. The integral of motion, that is of fourth order in
the momenta, is given by
J
(4)
h2 (k) = p
4
x + 2p
2
xp
2
y +
4(2k1x
2 + k2x+ k3)
y2/3
p2x + 12(4k1x+ k2)y
1/3pxpy + 18(4k1x+ k2)
2y2/3 .
The important point is that although Vh1(k) and Vh2(k) are different potentials (both inte-
grable but each one in a different way) they have however the k2 and k3 dependent terms in
common. So, if we denote by U the two-parameter dependent family of potentials
U = lim
k1→0
Vh1(k) = lim
k1→0
Vh2(k) = k2
x
y2/3
+
k3
y2/3
(6)
then this family of potentials possesses the following two constants of motion
K
(3)
2 = 2p
3
x + 3pxp
2
y + k2
( 6x
y2/3
px + 9 y
1/3py
)
+
6 k3
y2/3
px (7)
K
(4)
3 = p
4
x + 2p
2
xp
2
y +
4(k2x+ k3)
y2/3
p2x + 12k2y
1/3pxpy + 18k
2
2 y
2/3 (8)
As the potential U is part of two different families of potentials that are integrable in a
different way, and therefore with different constants of motion, we can conclude that the system
is superintegrable. The following proposition summarizes the situation.
Proposition 1 The potential
U = k2
x
y2/3
+
k3
y2/3
is not separable but it is superintegrable with two integrals of motion that are of the third and
fourth order in the momenta, respectively, given by (7) and (8).
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Consequently, the system is superintegrable, the three constants of motion being H,K
(3)
2 and
K
(4)
3 , and we recover in a much simpler way the result of [23].
3.1 The family of the third Holt potential
We can also consider the three-parameter dependent potential generated by Vh3
Vh3(k) = k1
(x2 + 12y2
y2/3
)
+ k2
x
y2/3
+
k3
y2/3
(9)
where ki, i = 1, 2, 3, are arbitrary constants. The integral of motion, that now is of sixth order
in the momenta, is given by
J
(6)
h3 (k) = p
6
x + 3p
4
xp
2
y + J40p
4
x + J31p
3
xpy + J20p
2
x + J0 ,
where J40, J31, J20, and J0, are given by
J40 = 6 (k1x
2 + 3k1y
2 + k2x+ k3)y
−2/3
J31 = 36(2k1x+ k2)y
1/3
J20 = 162(2k1x+ k2)
2y2/3
J0 = 324x(k1x+ k2)(2k
2
1x
2 + 2k1k2x+ k
2
2)
Now, if we consider the limit k1 → 0 we obtain a new integral of motion for the potential U
K
(6)
4 = p
6
x + 3p
4
xp
2
y + 6
(k3 + k2x
y2/3
)
p4x + 36k2y
1/3p3xpy + 162k
2
2y
2/3p2x + 324k
3
2x .
Of course this new function is not independent of the three fundamental functions (the Hamil-
tonian H, K
(3)
2 and K
(3)
3 ). We have verified that the relation is the following
K
(6)
4 = 18HK
(4)
3 − 2(K
(3)
2 )
2 − 324k22k3 .
3.2 Poisson brackets and Hamiltonian vector fields
The Hamiltonian vector fields X2 and X3 corresponding to K
(3)
2 and K
(4)
3 generate infinitesimal
symmetries of the dynamics and one could expect that the commutator of both to provide a
new infinitesimal symmetry. However, as proved in [23], both integrals of motion are such that
{
K
(4)
3 ,K
(3)
2
}
= 108 k32 . (10)
Therefore, if ω is the natural symplectic form in the phase space, using that
i([X2,X3])ω = − d
{
K
(3)
2 ,K
(4)
3
}
, (11)
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we find the both vector fields commute, that is [X2,X3] = 0. In other words, there is a symplectic
action of the Abelian Lie algebra R2 but the comomentum map is not an homomorphism. This
happens for symplectic action of Lie groups whenever the momentum map is not equivariant.
We can also consider the other two Poisson brackets, given by{
K
(6)
4 ,K
(3)
2
}
= 1944 k32 H and
{
K
(6)
4 ,K
(4)
3
}
= 432 k32 K
(3)
2 .
and the corresponding commutation relations for the associated Hamiltonian vector fields are:
[X2,X4] = 1944 k
3
2 ΓH , [X3,X4] = 432 k
3
2 X2.
where ΓH is the dynamical vector field
ΓH = px
∂
∂x
+ py
∂
∂y
−
k2
y2/3
∂
∂px
+
2
3
k2 x+ k3
y5/3
∂
∂py
.
The integrals of motion are a function group [25] and we can take different choices for bases. In
the first choice, as pointed out in [23], the chosen integrals of motion generate a finite dimensional
decomposable Lie algebra that is a sum of a Heisenberg Lie algebra spanned by K
(3)
2 ,K
(4)
3 , I
and the one-dimensional Lie algebra generated by H. In the second choice, the basis functions
K
(3)
2 ,K
(6)
4 ,H close a Heisenberg Lie algebra, with center H.
4 Final comments
We have proved that the higher-order superintegrability of the potential U can be considered
as a consequence of the properties of the Holt type potentials. In this way we have proved the
superintegrability (an we have obtained the integrals of motion) in a very simple and elegant
way.
In fact, the Holt potentials have been studied by many authors making use of different ap-
proaches (Painleve´ analysis [4], direct method [6], Lax equations [8], relation with the Drach
potentials [10], [30], Lie symmetries [7], scaling symmetries [16]), but in spite of this, we see
that they are endowed with certain properties that still remain to be studied. Now, concerning
the relation of the superintegrable potential U with the Holt potentials we consider that there
two interesting points to be studied: (i) the existence of higher-dimensional versions of the Holt
potentials [26] as a method for obtaining potentials similar to U but with three or more de-
grees of freedom, and (ii) the duality and coupling-constant metamorphosis between integrable
Hamiltonian systems [27], [28], and, more specifically, the relation of the Holt potential with the
He´non-Heiles-type Hamiltonians [29] can also lead to the construction of other superintegrable
systems.
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